Introduction.
Because of the difficulties inherent in the study of general materials with memory, there is a vast literature 1 concerning mechdnical models which capture the essential interaction between dissipation and nonlinearity, but are sufficiently simple to allow both the characterization of real materials and the mathematical analysis of corresponding problems. In one space dimension, a large class of models is based on single-integral lavs of the form oo or(t) = M(7(t)) + |m(r(t),r(t-T),T)dT, (1.1) 0 giving the stress cr(t) at time t when the strain j (\) is known at all past times X < t.
While constitutive equations of single-integral type have also been proposed for heat conduction, 2 there is, to our knowledge, no general thermodynamical theory of single-integral laws applicable to deforming bodies under varying temperature. Our objective here is to develop such a theory. 3 We consider a homogeneously deforming body under the influence of a spatially-uniform temperature field. 4 Then balance of energy takes the form 6° = S-F° + r (1.2) with 8 the internal energy, S the stress, F the deformation gradient, and r the heat supply. To this list of functions we add the (absolute) temperature 8 and take, as constitutive equations for stress and internal energy, the single-integral laws oo S(t) = Z(F(t), 8 
(t)) • Jo*(F(t),8(t).F(t-T),8(t-T),T)dT, 0 (1.3)

e(t) = E(F(t).8(t)) + Je(F(t),8(t),F(t-T),8(t-T)
.T)dT. 0 Our main objective is to establish restrictions on these relations that are necessary and sufficient for compatibility vith the second lav. For us, compatibility means the existence of an entropy % in single-integral form oo H(t) * H(F(t), 8 
(t)) + Jh(F(t).8(t).F(t-T),8(t-T),T)dT,
(1.4) 0 such that the law of entropy grovth H" > r/ 8 (1. 5) holds in all processes. Here it is important to note that we do not assume a priori that an entropy exists.
If we eliminate the heat supply between (1.2) and (1.5), we arrive at the inequality < 0, (1. 6) and are therefore led to the thermodynamical problem:
Problem (T1). Find restrictions on the constitutive equations (1.3) that ensure the existence of an entropy of the form (1.4) consistent with 6 the inequality (1.6).
Suppose, for the moment, that we have an entropy (1.4) consistent with (1.6). If we define a new variable w(t) through
then, by (1.3) and (1.4), w is given by a constitutive equation of single-integral form:
(1.6) 0 Further, because of (1.7) the inequality (1.6) reduces to w° -S^S-F* + 8" 2 e8° < 0.
(1.9)
We will refer to to as a dissipation potential. This new variable allows us to simplify the thermodynamical problem further. We define f and g through f = (F.8), g = (8" 1 S,-8" 2 s).
(1.10)
Then the constitutive equations (1.3) for stress and internal energy take the simple form 00 g(t) = TfL(ft) = M(f(t)) + Jm(f(t),f(t-T),T)dT, (1.11) 0 where f x is the history of f up to time t defined by f t (T) = f(t-T). 0<T<OO , and the inequality (1.9) reduces to the dissipation inequality w° < g-f°.
(1.12) 6 The term "consistent vith" means: given an arbitrary prescription of F(t) and e(t) for all t. the corresponding functions S(t), e(t). and utt). defined by (1.3) and (1.4), satisfy (1.6) for all t.
Writing (1.8) in terms of the new independent variable f, 00 w(t) = W(f(t)) + Jv(f(t),f(t-T).T)dT. ( 0 it is then a simple matter to show that Problem (T1) is equivalent to Problem (12). Find restrictions on the constitutive equation (1.11) that ensure the existence of a dissipation potential of the form (1.13) consistent with the dissipation inequality (1.12).
We will refer to the constitutive equations (1.3) (or equivalently (1.11)) as dissipative if there is a corresponding dissipation potential.
The general framework afforded by Problem (T2) has an added attraction: by leaving as unspecified the dimension n of the space R n in which f and g have values, we have an abstract theory applicable to pure mechanics (cf. Gurtin and Hrusa [7] ), to electromagnetic interactions, and to other situations of physical interest.
We proceed as follows. We begin by discussing the properties of single-integral laws. We then study dissipative single-integral laws within the general framework of Problem (T2). In particular, we completely solve (T2) and, in so doing, give explicit formulas for the functions w and W which describe the dissipation potential (1.13) corresponding to a dissipative single-integral law. It should be emphasized that we require the dissipation potential to be of singleintegral form, and this leads to restrictions on M and m that are stronger than one would obtain for an enlarged class of dissipation potentials. Indeed, there are single-integral laws that do not satisfy our restrictions but that do have dissipation potentials; of course, such dissipation potentials cannot be expressed in single-integral form.
When f(T) is close to a given constant state f 0 for -oo<x<t, the general single-integral law (1.11) has the asymptotic form is the relaxation function for Til (corresponding to f 0 ). Some of our main results concern this function. We show that if Tfl, is dissipative, then: We show that the dissipation potentials for such materials admit explicit representations which are both simple and transparent. We close by giving the implications of our general results within the specific thermodynamical framework of Problem (T1). Within that framework there are four relaxation functions of physical interest: the stress-strain relaxation function jtKx), the stress-temperature relaxation function a(x), the energy-strain relaxation function S)(T), and the energy-temperature relaxation function C(T). If the underlying constant state has temperature 8 0 and vanishing residual stress, then the general results (a)-(c) have the following consequences: 0 represents the derivative of Tit vith respect to the "present value" f(t) holding the "past history" f(t-x), T>0, fixed; we will refer to DTTt as the instantaneous derivative of Tit. We can also define a (functional) derivative vith respect to the past history f(t-T), T>0. We will need this derivative only as it pertains to time differentiation along a path, and for that reason we introduce the functional 6TTt defined by 
$(T) = m 2 (f(t).f(t-T),T)P(t-T) = m'(f(t),f(t-T),T) -(d/dT)m(f(t),f(t-T),T).
Moreover, by (2.3), oo oo J(d/dT)m(f(t),f(t-T),T)dT = Jm'(f(t),f(t-p),T)dT.
P P so that p oo oo
6Ttl(f t ) = Jtp(T)dT -Jm'(f(t),f(t-p).T)dT + Jm I (f(t),f(t-T),T)dT.
Op p (3.7) Since m 2 is locally dominated and f a C 1 function, the first integral on the right side of (3.7) approaches zero as p I 0. Further, for all sufficiently small p>0,
say p€(O,p o ), f(t-p) lies in a closed ball C in V centered at f(t). Thus, since m' is balanced (as m is balanced) and m' 2 weakly locally dominated, there is a function I, consistent with (2.1), such that lm'(f(t),f(t-p),T)l < -e(T)lf(t-p)-f(t)l for 0<p<p 0 and T>0.
Consequently, as f is C 1 , the second integral on the right side of (3.7) also approaches zero as p I 0. Thus the third integral on the right side of (3.7) has a limit as p I 0, and (3.6) is valid.
• Lemma 1. Let 1U, with kernel v, be a scalar-valued singleintegral lav. Then a necessary and sufficient condition that 6iU(f t ) < 0 (3.8)
for all paths f and times t is that
Granted (3.9), w > 0; w y w 2 ,w' r w' 2 are balanced; (3.10) and pn-»w(f,p,T) has a minimum at p = f, p H* w'(f,P,T) has a maximum at p = f (3.11)
for all feV and T>0.
Proof. Sufficiency is an immediate consequence of (3.6). To prove necessity, assume that (3.8) holds for all paths. Then, since v and (hence) v 1 is balanced, Theorem 1 and steps analogous to those used to prove Lemma A2 yield (3.9).
Assume (3.9) holds. Integrating this inequality from T to oo using (2.3) yields w > 0. Since v and v 1 are balanced, this inequality and (3.9) yield (3.11). Finally, (2.4) (for w and v') and (3.11) imply that v v w 2 , w^, and w' 2 are balanced.
•
Dissipative single-integral lavs.
Consider the R n -valued 11 single-integral law
g(t) = tit(ft). (4.1)
By a dissipation potential for Til ve mean a scalar-valued single integral law MJ with the following property: given any path f, the functions g and w on R defined by (4.1) and
satisfy the dissipation inequality
If TO, has a dissipation potential, we will call % dissipative. .7) is satisfied. Further, by (4.5) 2 and the fact that w is balanced, v and m are related through (4.9). Thus f v'(f,P.T) = |m'(a,p.T).da (4.10) P for all f.peV and T>0, and (4.5) 3 implies (4.8).
Conversely, assume that (4.7) and (4.8) are satisfied. Define v on V 2 x(o,oo) through (4.9), and let W be any solution of dW = M ((4.7) ensures that w and W are well defined, although W is obviously not unique). Then w is balanced. In fact, it is not difficult to verify that (W,w) is the response pair of a singleintegral law W. Trivially, the first two relations in (4.5) are satisfied. Further, (4.9) implies (4.10). and, in view of (4.8), this implies (4.5) 3 . Thus MJ is a dissipation potential for Tit..
The last assertion of the theorem is immediate. Proof. Let TH, have noninteractive memory. If we apply (6.1) to an arbitrary path f and to the constant path g with value f(t), and use (3.3), we are lead to the conclusion that the kernel m of Tfl, satisfies 
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B. THERMOVISCOELASTIC MATERIALS OF SINGLE-INTEGRAL
7. Notation. We now apply the abstract theory to thermoviscoelastic materials of single-integral type. The underlying "physical space" is R p with p«1, 2, or 3. We use the term "tensor" as a synonym for "linear transformation from R p into itself", and write Lin for the space of all tensors. We follow the terminology of Section 2 with n = p for the internal energy. We write (E,o*) and (*,<})), respectively, for the response pairs of & and Z, so that 
CO
S(t) = Z(F(t),8(t)) + Itr(F(t),8(t).F(t-T),e(t-T),T)dT
